Abstract. Let C ⊂ S := P 1 × P 1 be an integral curve and ν : (1, 0) ). Here we give numerical conditions which imply that the pair (X, L) is not the pull-back of a pair (Y, R) with Y a smooth curve of genus q > 0 and R ∈ Pic(Y ).
Introduction
Let X be a smooth and connected projective curve. There are many high degree pencils f i : X → P 1 , i = 1, 2, such that the induced map (f 1 , f 2 ) : X → S := P 1 ×P 1 is birational onto its image. However, very seldom there are such morphisms for which the image (f 1 , f 2 )(X) has " very few " singularities. Here we prove the following quantitative versions of this observation. 
We work over an algebraically closed field K with char(K) = 0. Example 1. Set S := P 1 × P 1 . Let π 1 : S → P 1 and π 2 : S → P 1 denote the two projections. We have Pic(S) ∼ = Z ⊕2 with, as generators, the class O S (1, 0) of a fiber of π 1 and he class O S (0, 1) of a fiber of π 2 . For all P ∈ S let 2P denote the first infinitesimal neighborhood of P in S, i.e. the closed subscheme of S with I P,S 2 as its ideal sheaf. Hence (2P ) red {P }, and length(2P ) = 3 and length(3P ) = 6. Fix any integral curve C ∈ |O S (u, v)| and set A(C) := Sing(C). Let ν : X → C be the normalization map and B(C) ⊂ S the conductor of X in S. Hence p a (X) = uv − u − v + 1 − length(B(C)). We recall that B(C) = A(C) if C has only ordinary nodes and ordinary cusps as its singularities. Since ω S ∼ = O S (−2, −2), we have h 0 (S, ω S ) = h 1 (S, ω S ) = 0. Hence the classical adjunction theory developed for plane curves works for curves in S and gives
Proof of Theorem 1. The non-emptiness of Γ A and its dimension easily follow from [1] , Cor. 4.6, because ω S * is ample. Set Z := P ∈A 2P . By [1] , Cor. 4.6, we have h 1 (S, I Z (u, v)) = 0. Since P is general in S and h 0 (S, I Z (u, v)) = 0, we get h 1 (S, I Z∪{P } (u, v)) = 0. Fix a general T ∈ |O S (1, 0)| and a general P ∈ T . Hence T ∩ A = ∅. For any quasi-projective scheme Θ and any Q ∈ Θ reg let {2Q, Θ} denote the first infinitesimal neighborhood of Q in Θ. Hence {2P, T } is the degree two closed subscheme of T with P as support. Set Z = Z ∪ {2P, T }. Take another general P ∈ T and set Z := Z ∪ {2P , T }.
First Claim:
Proof of the First Claim: v) ) ≥ 2 and P is general in S, we get that the differential of the rational map induced on S by linear system |I Z (u, v)| vanishes identically in the direction of the π 1 -fibering. Since char(K) = 0, this implies that this rational map factors through π 1 
